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THE SYMPLECTIC NATURE OF THE SPACE
OF DORMANT INDIGENOUS BUNDLES
ON ALGEBRAIC CURVES
YASUHIRO WAKABAYASHI
Abstract. We study the symplectic nature of the moduli stack classifying
dormant curves over a field K of positive characteristic, i.e., proper hy-
perbolic curves over K equipped with a dormant indigenous bundle. The
central objects of the present paper are the following two Deligne-Mumford
stacks. One is the cotangent bundle ⊚T∨
Zzz...
g,K of the moduli stack
⊚M
Zzz...
g,K
classifying ordinary dormant curves over K of genus g. The other is the
moduli stack ⊚S
Zzz...
g,K classifying ordinary dormant curves over K equipped
with an indigenous bundle. These Deligne-Mumford stacks admit canoni-
cal symplectic structures respectively. The main result of the present paper
asserts that a canonical isomorphism ⊚T∨
Zzz...
g,K → ⊚S
Zzz...
g,K preserves the sym-
plectic structure. This result may be thought of as a positive characteristic
analogue of the works of S. Kawai (in the paper entitled “The symplectic
nature of the space of projective connections on Riemann surfaces”), P. Are´s-
Gastesi, I. Biswas, and B. Loustau. Finally, as its application, we construct
a Frobenius-constant quantization on the moduli stack ⊚S
Zzz...
g,K .
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2 YASUHIRO WAKABAYASHI
Introduction
0.1. In the present paper, we study symplectic geometry of indigenous bundles
(cf. Definition 2.1.1 (i)) in positive characteristic. First, we shall describe the
main result of the present paper. Let K be a field of characteristic p > 2 and
g an integer > 1. Denote by
⊚M
Zzz...
g,K (resp.,
⊚S
Zzz...
g,K )(1)
(cf. (101) and (134)) the moduli stack classifying ordinary dormant curves (cf.
Definition 3.1.1 (ii)) of genus g over K (resp., ordinary dormant curves of genus
g over K equipped with an indigenous bundle). Also, denote by
⊚T∨
Zzz...
g,K(2)
(cf. (134)) the cotangent bundle of ⊚M
Zzz...
g,K . It is known (cf. Propositions 2.7.1
and 3.3.1) that ⊚S
Zzz...
g,K (resp.,
⊚T∨
Zzz...
g,K ) may be represented by a geometrically
connected smooth Deligne-Mumford stack over K of dimension 6g − 6. As we
will discuss in § 4.4, there exists a canonical symplectic structure on ⊚S
Zzz...
g,K
(resp., ⊚T∨
Zzz...
g,K ), for which we shall write
ωPGL⊚ (resp., ω
can
⊚ ) .(3)
The main result of the present paper is the following theorem.
Theorem A (cf. Theorem 4.4.1).
The canonical isomorphism
Ψg,K :
⊚T∨
Zzz...
g,K
∼→ ⊚SZzz...g,K(4)
(cf. (135)) preserves the symplectic structure, i.e.,
Ψ∗g,K(ω
PGL
⊚ ) = ω
can
⊚ .(5)
0.2. Here, recall that the notion of an indigenous bundle was introduced and
studied by R. C. Gunning in the context of Riemann surfaces (cf. [17]). Roughly
speaking, an indigenous bundle on a connected compact hyperbolic Riemann
surface X is a projective line bundle (or equivalently, a PGL2-torsor) on X
together with a connection and a global section satisfying a certain transver-
sality condition. It may be thought of as an algebraic object that encodes the
(analytic, i.e., non-algebraic) uniformization data for the X . Various equiv-
alent mathematical objects, including certain kinds of differential operators
between line bundles (related to Schwarzian equations), have been studied by
many mathematicians. For example, indigenous bundles on X correspond bi-
jectively to certain projective structures on the underlying topological space Σ
of X . A projective structure on Σ is, by definition, the equivalence class of
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an atlas covered by coordinate charts on Σ such that the transition functions
are expressed as Mo¨bius transformations. (In particular, each projective struc-
ture determines a unique Riemann surface structure on Σ.) If we are given a
projective structure, then the collection of its transition functions specifies a
PGL2-torsor equipped with a connection, which forms an indigenous bundle.
In this way, we obtain a bijective correspondence between the set of projective
structures on Σ defining the Riemann surface X and the set of (isomorphism
classes of) indigenous bundles on X .
0.3. In the following, we shall recall the works of S. Kawai, P. Are´s-Gastesi,
I. Biswas, and B. Loustau (cf. [22]; [1]; [2]; [24]) related to natural symplectic
structures on certain moduli spaces of projective structures, or equivalently,
indigenous bundles.
Let Σ be, as above, a connected orientable closed surface of genus g > 1.
Write TΣ for the Teichmu¨ller space associated with Σ, i.e., the quotient space
TΣ := Conf(Σ)/Diff0(Σ),(6)
where Conf(Σ) denotes the space of all conformal structures on Σ compatible
with the orientation of Σ, and Diff0(Σ) denotes the group of all diffeomorphisms
of Σ homotopic to the identity map of Σ. In particular, it is a covering space
of the moduli stack Mang,C classifying connected compact Riemann surfaces of
genus g. Also, write
STΣ := Proj(Σ)/Diff
0(Σ),(7)
where Proj(Σ) denotes the space of all projective structures on Σ. It is known
that the cotangent bundle T∨
TΣ
of TΣ (resp., the quotient space STΣ) admits a
structure of complex manifold of dimension 6g−6, equipped with a holomorphic
symplectic structure ωcan
TΣ
(resp., ωPGL
TΣ
(cf. [14])). Consider a C∞ section
σunif : T
Σ → STΣ(8)
of the natural projection STΣ → TΣ arising from the uniformization con-
structed by either Bers, Schottky, or Earle (cf. [4]; [8]; [12]). (Note that the
Bers uniformization are determined after choosing a specific point of TΣ.) Be-
cause of a natural affine structure on STΣ, the section σunif may be extended
to a diffeomorphism
Ψunif : T
∨
TΣ
∼→ STΣ(9)
whose restriction to the zero section TΣ → T∨
TΣ
coincides with σunif . It follows
from [22], Theorem, [1], Theorem 1.1, [1], Remark 3.2, and [24], Theorem 6.10,
that Ψunif preserves the symplectic structure up to a constant factor, i.e.,
Ψ∗unif(ω
PGL
TΣ ) =
√−1 · ωcanTΣ .(10)
4 YASUHIRO WAKABAYASHI
Notice that we use the conventions concerning ωPGL
TΣ
chosen in [24]. With
these conventions, Kawai’s result may be described as the equality (10), as
B. Loustau mentioned in the fourth footnote in loc. cit.. (In Kawai’s original
paper, he asserted the equality Ψ∗unif(ω
PGL
TΣ
) = π · ωcan
TΣ
.)
0.4. Our aim in the present paper is to address the question whether a similar
result holds for hyperbolic (algebraic) curves of positive characteristic. Just as
in the case of the theory over C, one may define the notion of an indigenous
bundle in characteristic p > 0 and their moduli space. Various properties
of such objects were first discussed in the context of the p-adic Teichmu¨ller
theory developed by S. Mochizuki (cf. [26]; [27]). One of the key ingredients
in the development of this theory is the study of the p-curvature of indigenous
bundles. Recall that the p-curvature of a connection may be thought of as the
obstruction to the compatibility of p-power structures that appear in certain
associated spaces of infinitesimal (i.e., “Lie”) symmetries. We say that an
indigenous bundle is dormant (cf. Definition 3.1.1 (i)) if its p-curvature vanishes
identically. This condition implies that the underlying projective line bundle
with connection is locally trivial in the Zariski topology.
In many aspects (including the aspect just explained), dormant indigenous
bundles may be thought of as reasonable (algebraic) products used to develop
an analogous theory of indigenous bundles on Riemann surfaces. As we ex-
plained in § 0.3, each connected compact hyperbolic Riemann surface X (with
marking) of genus g > 1 admits a canonical indigenous bundle P⊛X determined
by the section σunif . Thus, the Teichmu¨ller space T
Σ may be identified with the
moduli space classifying such X ’s equipped with a certain nice indigenous bun-
dle (i.e., P⊛X). By taking account of this identification, one may consider the
moduli stack classifying proper hyperbolic curves of characteristic p equipped
with a nice (in a certain sense) indigenous bundle as a characteristic p analogue
of such a covering space (i.e., TΣ) of Mang,C. From this point of view, we deal,
as our primary geometric objects, with pairs (X,P⊛) consisting of a proper
hyperbolic curve and a dormant indigenous bundle on it; a(n) (ordinary) dor-
mant curves mentioned in § 0.1 is defined to be such a pair (X,P⊛) (satisfying
a certain condition). That is to say, Theorem A described before may be
thought of as an affirmative answer of the question asked at the beginning of
this subsection.
Finally, as an application of Theorem A, we construct, on the moduli stack
⊚S
Zzz...
g,K , additional structures peculiar to positive characteristic (e.g., a Frobenius-
constant quantization) which appeared in [5] or [6] (cf. Corollary 6.2.1).
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1. Preliminaries
1.1. Throughout the present paper, we fix an integer g > 1 and a commutative
ring R over Z[1
2
]. (The assumption that 2 is invertible in the ground ring R will
be necessary to construct the symplectic structure ωPGLg,R introduced later (cf.
(108)), as well as apply, to our discussion, the preceding results in the theory
of indigenous bundles in positive characteristic (cf. [27]).) We shall write Set
for the category of (small) sets.
1.2. Let S be a Deligne-Mumford stack over R (cf. [23] for the definition
and basic properties of Deligne-Mumford stacks). Unless stated otherwise, we
intend that the structure sheaf OS of S and all OS-modules are sheaves in the
e´tale topology. If ∇ : K0 → K1 is a morphism of sheaves (in the e`tale topology)
of abelian groups on S, then it may be thought of as a complex concentrated
at degree 0 and 1. We denote this complex by
K•[∇](11)
(where K0[∇] := Ki for i = 0, 1). Also, any abelian sheaf F may be thought
of as a complex concentrated at degree 0. For n ∈ Z, we define the complex
F [n](12)
to be F shifted down by n, so that F [n]−n = F and F [n]i = 0 (i 6= −n).
If, moreover, X is a Deligne-Mumford stack over S, then we shall write
ΩX/S for the sheaf of 1-forms of X over S,
∧iΩX/S (i = 1, 2, · · · ) for its i-th
exterior power, and TX/S for the dual OX -module Ω∨X/S of ΩX/S (i.e., the sheaf
of derivations of X over S).
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1.3. Let X be a complex analytic space (resp., a complex analytic space over
a complex analytic space S). We shall write OX for the structure sheaf of X
consisting of holomorphic functions, ΩX (resp., ΩX/S) for the sheaf of holomor-
phic 1-forms of X (resp., the sheaf of holomorphic 1-forms of X over S), and
TX (resp., TX/S) for the dual OX -module of ΩX (resp., ΩX/S).
Let X be a scheme (resp., a Deligne-Mumford stack) of finite type over C.
Then, we shall write Xan for the complex analytic space (resp., the complex
analytic stack, i.e., the stack in groupoids over the category of complex analytic
spaces equipped with the analytic topology) associated with X .
1.4. Let X be a smooth Deligne-Mumford stack over R of relative dimen-
sion n > 0 (resp., a smooth Deligne-Mumford complex analytic stack (cf. [3],
Definition 3.3) of dimension n > 0). A symplectic structure on X is a non-
degenerate closed 2-form ω ∈ Γ(X,∧2ΩX/R) (resp., ω ∈ Γ(X,∧2ΩX)). Here,
we shall say that a 2-form ω is nondegenerate if the morphism ΩX/R → TX/R
(resp., ΩX → TX) induced naturally by ω is an isomorphism.
For each OX -module F , we shall write
A(F)(13)
for the total space of F . (In the non-resp’d case, A(F) is, by definition, the
relative affine scheme Spec(S(F∨)) overX , where S(F∨) denotes the symmetric
algebra on the dual F∨ of F over OX .) Denote by T∨X the total space of ΩX/R
(resp., ΩX), i.e.,
T∨X := A(ΩX/R) (resp., T
∨
X := A(ΩX)) ,(14)
which is a smooth Deligne-Mumford stack over R of relative dimension 2n
(resp., a smooth Deligne-Mumford complex analytic stack of dimension 2n);
we shall refer to T∨X as the cotangent bundle of X . Denote by
πT
∨
X : T
∨
X → X, 0X : X → T∨X(15)
the natural projection and the zero section respectively. It is well-known that
there exists a unique 1-form
λX ∈ Γ(T∨X ,ΩT∨X/R) (resp., λX ∈ Γ(T∨X ,ΩT∨X ))(16)
on T∨X satisfying the following condition: if λσ is the 1-form onX corresponding
to a section σ : X → T∨X of πT∨X , then the equality σ∗(λX) = λσ holds. We
shall refer to λX as the Liouville form on T
∨
X . By construction, the Liouville
form λX lies in Γ(T
∨
X , π
T∨∗
X (ΩX/R)) ⊆ Γ(T∨X ,ΩT∨X/R) (resp., Γ(T∨X , πT
∨∗
X (ΩX)) ⊆
Γ(T∨X ,ΩT∨X )). Its exterior derivative
ωcanX := dλX ∈ Γ(T∨X ,
∧2
ΩT∨X/R) (resp., ω
can
X := dλX ∈ Γ(T∨X ,
∧2
ΩT∨X ))(17)
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defines a symplectic structure on T∨X . If q1, · · · , qn are local coordinates in X ,
then the dual coordinates p1, · · ·pn in T∨X are the coefficients of the decom-
position of the 1-form λX into linear combination of the differentials dqi, i.e.,
λX =
∑n
i=1 pidqi. Hence, ω
can
X may be expressed locally as ω
can
X =
∑n
i=1 dpi∧dqi.
1.5. Let S be a Deligne-Mumford stack over R. By a curve over S, we mean
a geometrically connected smooth relative scheme f : X → S over S of relative
dimension 1. (Here, we shall say that a morphism f : X → S between Deligne-
Mumford stacks is a relative scheme if it is a schematic morphism.) We shall
say that a proper curve f : X → S over S is of genus g if the direct image
f∗(ΩX/S) of ΩX/S is a locally free OS-module of constant rank g. Write
Mg,R(18)
for the moduli stack classifying proper curves of genus g over R, which is
a geometrically connected smooth Deligne-Mumford stack over R of relative
dimension 3g − 3. Also, write
fg,R : Cg,R →Mg,R(19)
for the tautological curve over Mg,R and
Sch/Mg,R(20)
for the category of relative schemes over Mg,R.
It follows from Serre duality that for any proper curve f : X → S, the OS-
module R1f∗(ΩX/S) is isomorphic to OS. Throughout the present paper, we
fix a specific choice of an isomorphism∫
C
g,Z[ 12 ]
: R1fg,Z[ 1
2
]∗(ΩCg,Z[ 12 ]
/M
g,Z[ 12 ]
)
∼→ OM
g,Z[ 12 ]
(21)
of OM
g,Z[ 12 ]
-modules (i.e., the trace map). (Notice that the trace map
∫
C
g,Z[ 12 ]
is only determined up to composition with an automorphism of the codomain
OM
g,Z[ 12 ]
. A specific choice of
∫
C
g,Z[ 12 ]
will be used to construct both the sym-
plectic structure ωPGLg,R (cf. (108)) and the morphism Ψg,K (cf. (135)). If the
specific choice of
∫
C
g,Z[ 12 ]
for constructing ωPGLg,R is different from that for con-
structing Ψg,K , then Theorem A may not hold. Thus, we will need to fix a
coherent choice of it.)
If u : T →Mg,R is an object of Sch/Mg,R, then we shall write
fT : CT → T(22)
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for the curve over T classified by u (i.e., CT := Cg,R ×fg,R,Mg,R,u T ). Also, we
shall write ∫
CT
: R1fT∗(ΩCT /T )
∼→ OT(23)
for the pull-back of the isomorphism
∫
C
g,Z[ 12 ]
via the composite T
u→ Mg,R →
Mg,Z[ 1
2
]. For each vector bundle E on CT , denote by∫
CT ,E
: R1fT∗(ΩCT /T ⊗ E∨) ∼→ fT∗(E)∨(24)
the isomorphism induced from the pairing
R
1fT∗(ΩCT /T ⊗ E∨)⊗ fT∗(E) ∪→ R1fT∗(ΩCT /T ⊗ (E∨ ⊗ E))(25)
R1fT∗(id⊗Tr)→ R1fT∗(ΩCT /T )∫
CT→ OT .
1.6. Let S be a relative scheme over Mg,R (i.e., an object of Sch/Mg,R), which
classifies a proper curve fS : CS → S over S. Let G be a connected smooth
algebraic group over R with Lie algebra g and π : E → CS a (right) G-torsor
over CS. Write
ad(E) (:= E ×G,Ad g)(26)
for the adjoint vector bundle associated with E (where Ad denotes the adjoint
representation G→ GL(g)) and
T˜E/S
(
:= (π∗(TE/S))G
)
(27)
for the subsheaf of G-invariant sections of π∗(TE/S). Then, differentiating π
gives a short exact sequence of OCS -modules
0→ ad(E)→ T˜E/S αE→ TCS/S → 0.(28)
An S-connection on E is, by definition, a split injection ∇ : TCS/S → T˜E/S of
the short exact sequence (28) (i.e., αE ◦∇ = id). Since CS is of relative dimen-
sion 1 over S, any such S-connection is necessarily integrable, i.e., compatible
with the respective Lie bracket structures on TCS/S and T˜E/S = (π∗(TE/S))G.
Assume that G = GLm for somem ≥ 1. Then, the notion of an S-connection
on a GLm-torsor E defined here may be identified with the usual definition of
an S-connection (cf. [21], § 1.0) on the associated vector bundle E ×GLm (O⊕mCS )
(cf. Remark 1.7.1 below). In this situation, we shall not distinguish between
these notions of connections.
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For an S-connection ∇ on E , we shall denote by
∇ad : ad(E)→ ΩCS/S ⊗ ad(E)(29)
the S-connection on the adjoint vector bundle ad(E) induced by ∇ via the
change of structure group Ad : G → GL(g). More explicitly, ∇ad is uniquely
determined by the condition that 〈∂,∇ad(s)〉 = [∇(∂), s] for any local sections
∂ ∈ TCS/S and s ∈ ad(E), where 〈−,−〉 denotes the pairing TCS/S × (ΩCS/S ⊗
ad(E))→ ad(E) arising from the natural pairing TCS/S × ΩCS/S → OCS .
1.7. Recall (cf. [7], § 1.2) that the sheaf of crystalline differential operators on
CS over S is the Zariski sheaf
(30) DCS/S
on CS generated, as a sheaf of noncommutative rings, byOCS and TCS/S subject
to the following relations:
• f1 ∗ f2 = f1 · f2;
• f1 ∗ ξ1 = f1 · ξ1;
• ξ1 ∗ ξ2 − ξ2 ∗ ξ1 = [ξ1, ξ2];
• ξ1 ∗ f1 − f1 ∗ ξ1 = ξ1(f1)
for local sections f1, f2 ∈ OCS and ξ1, ξ2 ∈ TCS/S, where ∗ denotes the mul-
tiplication in DCS/S. In a usual sense, the order (≥ 0) of a given crystalline
differential operator (i.e., a local section of DCS/S) is well-defined. Hence,
DCS/S admits, for each j ≥ 0, the subsheaf
(31) D≤jCS/S
(⊆ DCS/S)
consisting of local sections of DCS/S of order ≤ j. DCS/S (resp., D<jCS/S for
each j = 0, 1, 2, · · · ) admits two different structures of OCS -module — one
as given by left multiplication, where we denote this OCS -module by lDCS/S
(resp., lD≤jCS/S), and the other given by right multiplication, where we denote
this OCS -module by rDCS/S (resp., rD≤jCS/S) —. In particular, we have lD
≤0
CS/S
=
rD≤0CS/S = OCS . The set {D
≤j
CS/S
}j≥0 forms an increasing filtration on DCS/S
satisfying that
(32)
⋃
j≥0
D≤jCS/S = DCS/S, and D
≤j
CS/S
/D≤(j−1)CS/S
∼→ T ⊗jCS/S
for any j ≥ 1.
Let F be a vector bundle on CS, and consider the tensor product D≤jCS/S ⊗
F (resp., F ⊗ D≤jCS/S) of F and the OCS -module rD
≤j
CS/S
(resp., lD≤jCS/S). In
the following, we shall regard the D≤jCS/S ⊗ F (resp., F ⊗ D
≤j
CS/S
) as being
equipped with a structure of OCS -module arising from the structure of OCS -
module lD≤jCS/S (resp., rD≤jCS/S) on D
≤j
CS/S
.
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Next, let ∇ be an S-connection on F . One may associate ∇ with a structure
of left DCS/S-module
(33) ∇̂ : DCS/S ⊗ F → F
(which is OCS -linear), on F determined uniquely by the condition that ∇̂(∂ ⊗
v) = 〈∂,∇(v)〉 for any local sections v ∈ F and ∂ ∈ TCS/S , where 〈−,−〉
denotes the pairing TCS/S × (ΩCS/S ⊗ F) → F induced by the natural paring
TCS/S × ΩCS/S → OCS . This assignment ∇ 7→ ∇̂ determines a bijective corre-
spondence between the set of S-connections F → ΩCS/S ⊗F on F and the set
of structures of left DCS/S-module DCS/S ⊗ F → F on F .
Remark 1.7.1.
As we mentioned in § 1.6, there exists a bijective correspondence between the
set of S-connections a GLm-torsor E and the set of S-connections (in the clas-
sical sense) on the vector bundle F := E ×GLm (O⊕mCS ). In this remark, we shall
construct this correspondence.
Let us write
Diff ≤1F ,F := HomOCS (F ,F ⊗D
≤1
CS/S
),(34)
i.e., the sheaf of first order differential operators from F to F . The surjection
D≤1CS/S ։ TCS/S (cf. (32)) induces a surjection q : Diff
≤1
F ,F ։ EndOCS (F) ⊗
TCS/S. By the injection TCS/S →֒ EndOCS (F)⊗ TCS/S given by assigning ∂ 7→
idF ⊗ ∂ (for any local section ∂ ∈ TCS/S), we identify TCS/S with an OCS -
submodule of EndOCS (F)⊗ TCS/S. Let us write
Diff ≤1F ,F := q−1(TCS/S)
(⊆ Diff ≤1F ,F) ,(35)
which admits a surjection
αV (:= q|Diff≤1
F,F
) : Diff ≤1F ,F ։ TCS/S.(36)
Recall (cf. [9], § 2, (2.2)) that there exists a canonical isomorphism
ξ : T˜E/S ∼→ Diff ≤1F ,F(37)
of OCS -modules which makes the diagram
T˜E/S ξ //
αE
""❊
❊❊
❊❊
❊❊
❊❊
Diff ≤1F ,F
αV
zz✉✉
✉✉
✉✉
✉✉
✉
TCS/S
(38)
commute.
Now, suppose that we are given an S-connection ∇1E : TCS/S → T˜E/S on the
GLm-torsor E . Then, one may find an S-connection ∇1F : F → ΩCS/S⊗F on F
satisfying the equality (ξ◦∇1E)(∂)(v)−v⊗∂ = 〈∂,∇1F(v)〉 for any local sections
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∂ ∈ TCS/S and v ∈ F , where 〈−,−〉 denotes the pairing TCS/S×(ΩCS/S⊗F)→
F arising from the natural pairing TCS/S ×ΩCS/S → OCS . On the other hand,
let∇2F : F → ΩCS/S⊗F be an S-connection on F and ∂ a local section of TCS/S.
Then, the assignment v 7→ 〈∂,∇2F(v)〉+v⊗∂ (where v ∈ F) determines a local
section δ∂ of Diff ≤1F ,F . The morphism ∇2E : TCS/S → T˜E/S given by assigning
∂ 7→ ξ−1(δ∂) forms an S-connection on E . One verifies immediately that the
assignments ∇1E 7→ ∇1F and ∇2F 7→ ∇2E determines a bijective correspondence
between the set of S-connections on E and the set of S-connections on F , as
desired.
2. Indigenous Bundles
In this section, we recall the notion of an indigenous bundle on a curve and
some properties related to indigenous bundles. We refer to [26], [27], [31], [32]
for detailed discussions of indigenous bundles (on a family of curves).
2.1. Let us fix a relative scheme over Mg,R (i.e., an object of Sch/Mg,R), which
classifies a proper curve fS : CS → S of genus g. Let us take G to be the
projective linear group over R of rank 2, i.e., G := PGL2 (hence, g = sl2).
Write B for the Borel subgroup of G defined to be the image (via the quotient
GL2 ։ G) of upper triangle matrices. We recall from [13], §4, or [26], Chap. I,
§ 2, Definition 2.2, the following definition of an indigenous bundle:
Definition 2.1.1.
(i) Let P⊛ := (PB,∇) be a pair consisting of a (right) B-torsor PB over
CS and an S-connection ∇ on the G-torsor PG := PB ×B G induced by
PB. We shall say that P⊛ is an indigenous bundle on CS/S if the
composite
∇ : TCS/S ∇→ T˜PG/S ։ T˜PG/S/ι˜(T˜PB/S)(39)
is an isomorphism, where ι˜ denotes the natural injection T˜PB/S →֒
T˜PG/S.
(ii) Let P⊛ := (PB,∇P) and Q⊛ := (QB,∇Q) be indigenous bundles on
CS/S. An isomorphism of indigenous bundles from P⊛ toQ⊛ is an
isomorphism PB ∼→ QB of B-torsors such that the induced isomorphism
PG ∼→ QG of G-torsors is compatible with the respective S-connections.
Then, the following proposition holds.
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Proposition 2.1.2 (cf. [26], Chap. I, § 2, Theorem 2.8).
Any indigenous bundle on CS/S does not have nontrivial automorphisms.
2.2. In the following, we shall construct a canonical filtration on the adjoint
vector bundle associated with the underlying G-torsor of an indigenous bundle.
Let P⊛ := (PB,∇) be an indigenous bundle on CS/S. Consider the morphism
of short exact sequences
0 −−−→ ad(PB) −−−→ T˜PB/S −−−→ TCS/S −−−→ 0
ι
y ι˜y idy
0 −−−→ ad(PG) −−−→ T˜PG/S −−−→ TCS/S −−−→ 0
(40)
arising from the change of structure group B →֒ G. This diagram yields a
natural isomorphism
T˜PG/S/ι˜(T˜PB/S) ∼→ ad(PG)/ι(ad(PB)).(41)
Let us define a 3-step decreasing filtration {ad(PG)i}3i=0 on the rank 3 vector
bundle ad(PG) as follows:
ad(PG)0 := ad(PG),(42)
ad(PG)1 := ι(ad(PB)),
ad(PG)2 := Ker
(
ad(PG)1
∇ad|ad(PG)1→ ΩCS/S ⊗ ad(PG)
։ ΩCS/S ⊗ ad(PG)/ad(PG)1
)
,
ad(PG)3 := 0
(cf. (29) for the definition of ∇ad). It follows from the definition of an indige-
nous bundle that
∇ad(ad(PG)j+1) ⊆ ΩCS/S ⊗ ad(PG)j,(43)
for any j ∈ {0, 1} and the OCS -linear morphism
∇j+1ad : ad(PG)j+1/ad(PG)j+2 → ΩCS/S ⊗ (ad(PG)j/ad(PG)j+1)(44)
induced by ∇ad is an isomorphism. Denote by
∇♭ : (ad(PG)/ad(PG)1 =) ad(PG)/ι(ad(PB)) ∼→ TCS/S(45)
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the inverse of the composite of (41) and ∇ : TCS/S ∼→ T˜PG/S/ι˜(T˜PB/S) (cf. (39)).
Also, denote by ∇♯ the composite isomorphism
∇♯ : ΩCS/S ∼→ ΩCS/S(46)
id
Ω⊗2
CS/S
⊗(∇
♭
)−1
→ Ω⊗2CS/S ⊗ (ad(PG)/ad(PG)1)
idΩCS/S
⊗(∇
1
ad)
−1
→ ΩCS/K ⊗ (ad(PG)1/ad(PG)2)
(∇
2
ad)
−1
→ ad(PG)2,
where the first arrow denotes the automorphism of ΩCS/S given by multipli-
cation by 2. (Recall that 2 is invertible in R. The first isomorphism in the
composite should be added in order that Lemma 5.5.1 described later holds.)
The composite
Ω⊗2CS/S
idΩCS/S
⊗∇
♯
→ ΩCS/S ⊗ ad(PG)2 →֒ ΩCS/S ⊗ ad(PG)(47) (
resp., ad(PG)։ ad(PG)/ad(PG)1 ∇
♭
→ TCS/S
)
determines a morphism of complexes
Ω⊗2CS/S[−1]→ K•[∇ad]
(
resp., K•[∇ad]→ TCS/S[0]
)
.(48)
By applying the functor R1fS∗(−) to this morphism, we obtain a morphism
γ♯P⊛ : fS∗(Ω
⊗2
CS/S
)→ R1fS∗(K•[∇ad])(49) (
resp., γ♭P⊛ : R
1fS∗(K•[∇ad])→ R1fS∗(TCS/S)
)
of OS-modules. It follows from [26], Chap. I, § 2, Theorem 2.8 (1), that the
sequence
0→ fS∗(Ω⊗2CS/S)
γ♯
P⊛→ R1fS∗(K•[∇ad])
γ♭
P⊛→ R1fS∗(TCS/S)→ 0(50)
is exact. This sequence is also obtained by taking cohomology of the differen-
tials in the E1-term of the spectral sequence
Ep,q1 = R
qfS∗(Kp[∇ad])⇒ Rp+qfS∗(K•[∇ad]).(51)
2.3. Next, let us introduce the notion of an indigenous bundle of canonical
type. Write π†GL2 : P†GL2 → CS for the (right) GL2-torsor over CS associated
with the rank 2 vector bundle D≤1CS/S. More precisely, P
†
GL2
is the CS-scheme
representing the functor
IsomOCS (O⊕2CS ,D
≤1
CS
) : EtCS → Set,(52)
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classifying locally defined isomorphisms O⊕2CS
∼→ D≤1CS , where EtCS denotes the
small e´tale site on CS. Also, write
π†G : P†G → CS(53)
for the G-torsor induced by P†GL2 via the change of structure group GL2 ։ G.
Let us consider OCS as an OCS -submodule of O⊕2CS via the injection OCS →֒ O⊕2CS
into the first factor. The subfunctor of IsomOCS (O⊕2CS ,D
≤1
CS
) consisting of locally
defined isomorphisms w : O⊕2CS
∼→ D≤1CS satisyfing that w(OCS) ⊆ D≤0CS/S may be
represented by a B-reduction
π†B : P†B → CS(54)
of P†G. Note that the adjoint vector bundle ad(P†G) is canonically isomorphic to
the sheaf End0OCS (D
≤1
CS/S
) ofOCS -linear endomorphisms ofD≤1CS/S with vanishing
trace.
Let us take a scheme U equipped with an e´tale morphism U → CS and a
section x ∈ Γ(U,OCS) such that dx generates ΩU/S (= ΩCS/S|U). We shall refer
to such a pair (U, x) as a local chart of CS relative to S. The decomposition
D≤1CS/S|U
∼→ OU ⊕ OU · ∂x by means of (U, x) (where ∂x ∈ Γ(U, TCS/S) denotes
the dual base of dx) gives an isomorphism
τ(U,x) : P†G|U (= U ×CS P†G) ∼→ U ×R G(55)
of G-torsors which induces an isomorphism
τ˜ ad(U,x) : T˜P†G/S|U
∼→ TU/S ⊕ (OU ⊗R g).(56)
Definition 2.3.1.
We shall say that an indigenous bundle P⊛ on CS/S is of canonical type if it
is of the form P⊛ = (P†B,∇), where ∇ is an S-connection on P†G satisfying the
following condition: for any local chart (U, x) of CS relative to S, the restriction
∇|U of ∇ to U may be expressed, via (56), as the map TU/S → TU/S⊕(OU⊗Rg)
determined by 1 · ∂x 7→
(
1 · ∂x,
(
0 a
1 0
))
for some a ∈ Γ(U,OCS).
2.4. In §§ 2.4-2.5, we consider indigenous bundles arising from certain differ-
ential operators between line bundles. Recall that a theta characteristic (in
other words, spin structure) of CS/S is, by definition, a line bundle L on CS
together with an isomorphism L⊗2 ∼→ ΩCS/S. The curve CS/S necessarily ad-
mits, at least e´tale locally on S, a theta characteristic (cf. [31], Remark 2.2.1
(i)).
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Let L be a theta characteristic of CS/S. We shall write
Diff ≤2L := HomOCS (L∨,L∨ ⊗ Ω⊗2CS/S ⊗D
≤2
CS/S
)(57) (∼= HomOCS (L∨,L⊗3 ⊗D≤2CS/S)) ,
Diff ≤2L := HomOCS (T ⊗2CS/S ⊗ L,D
≤2
CS/S
⊗L)(∼= HomOCS (L⊗(−3),D≤2CS/S ⊗ L)) ,
where L∨⊗Ω⊗2CS/S⊗D
≤2
CS/S
(∼= L⊗3⊗D≤2CS/S) and D
≤2
CS/S
⊗L may be considered
as being equipped with the structures of OCS -module defined in § 1.7. A second
order differential operator from L∨ to L∨ ⊗ Ω⊗2CS/S is, by definition, a global
section of Diff ≤2L . By passing to the composite injection
Ω⊗2CS/S
∼→ HomOCS (L∨,L∨ ⊗ Ω⊗2CS/S ⊗OCS)(58) (
= HomOCS (L∨,L∨ ⊗ Ω⊗2CS/S ⊗D
≤0
CS/S
)
)
→֒ Diff ≤2L ,
we identify Γ(CS,Ω
⊗2
CS/S
) with a submodule of Γ(CS,Diff ≤2L ).
Next, let us define
Diff ≤2⋆L(59)
to be the subsheaf of Diff ≤2L consisting of differential operators such that the
principal symbol is 1 and the subprincipal symbol is 0. That is to say, a second
order differential operator D from L∨ to L∨ ⊗ Ω⊗2CS/S defines a global section
of Diff ≤2⋆L if and only if whenever we choose a local chart (U, x) of CS and a
trivialization L|U ∼= OU · (dx)⊗ 12 , D may be locally given by assigning
(dx)⊗(−
1
2
) 7→ (dx)⊗(− 12 ) ⊗ (dx)⊗2 ⊗ ∂2x + (dx)⊗(−
1
2
) ⊗ a⊗ 1(60)
for some a ∈ Γ(U,Ω⊗2CS/S). For each D ∈ Γ(CS,Diff
≤2⋆
L ) andA ∈ Γ(CS,Diff ≤2L ),
the sum D + A lies in Γ(CS,Diff ≤2⋆L ) if and only if A ∈ Γ(CS,Ω⊗2CS/S) (⊆
Γ(CS,Diff ≤2L )). Thus, Γ(CS,Diff ≤2⋆L ) admits a canonical structure of Γ(CS,Ω⊗2CS/S)-
torsor.
2.5. Now, let D be an element of Γ(CS,Diff ≤2⋆L ). Denote by D : T ⊗2CS/S⊗L →
D≤2CS/S ⊗ L the morphism defined as the image of D via the composite
(61) Diff ≤2L ∼→ L⊗3 ⊗D≤2CS/S ⊗ L
∼→ Diff ≤2L
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of two natural isomorphisms arising from the definitions of Diff ≤2L and Diff ≤2L .
Since D ∈ Γ(CS,Diff ≤2⋆L ), the composite
D≤1CS/S ⊗ L →֒ DCS/S ⊗ L։ (DCS/S ⊗ L)/〈Im(D)〉(62)
is an isomorphism, where (DCS/S⊗L)/〈Im(D)〉 denotes the quotient ofDCS/S⊗
L by the left DCS/S-submodule generated by Im(D). The structure of left
DCS/S-module on D≤1CS/S ⊗ L transposed from (DCS/S ⊗ L)/〈Im(D)〉 via (62)
corresponds (cf. § 1.7) to an S-connection
∇D : D≤1CS/S ⊗L → ΩCS/S ⊗ (D
≤1
CS/S
⊗L)(63)
on D≤1CS/S ⊗ L. Note that (since the subprincipal symbol of D is 0) the S-
connection det(∇D) on the determinant det(D≤1CS/S ⊗ L) induced by ∇D coin-
cides, via det(D≤1CS/S ⊗L) ∼= TCS/S ⊗L⊗2 ∼= OCS , with the universal derivation
d : OCS → ΩCS/S. The PGL2-torsor associated, via projectivization, with
D≤1CS/S ⊗L is canonically isomorphic to P
†
G. Hence, ∇D yields an S-connection
∇D,G on P†G. It follows from the various definitions involved that the pair
P⊛†
D
:= (P†B,∇D,G)(64)
forms an indigenous bundle on CS/S of canonical type.
Proposition 2.5.1.
(i) Suppose that there exists a theta characteristic L of CS/S. Then, the
assignment D 7→ P⊛†
D
constructed above defines a bijective correspon-
dence between the set Γ(CS,Diff ≤2⋆L ) and the set of isomorphism classes
of indigenous bundles on CS/S.
(ii) For any indigenous bundle P⊛ on CS/S, there exists a unique indige-
nous bundle P⊛† on CS/S of canonical type which is isomorphic to P⊛.
Proof. Let us consider assertion (i). First, we shall prove the injectivity of
the assignment D 7→ P⊛†
D
. Let D1 and D2 be elements of Γ(CS,Diff ≤2⋆L ), and
suppose that there exists an isomorphism ξ : P⊛†
D1
∼→ P⊛†
D2
. Let (U, x) be a local
chart of CS relative to S (which gives an identification τ(U,x) : P†G|U ∼→ U×RG).
One may find (after possibly replacing U with its e´tale covering) an element
R :=
(
b c
0 1
b
)
∈ SL2(U) (where we shall write R for the image of R via the
quotient SL2 ։ G) such that the restriction of ξ to U may be described, via
τ(U,x), as the assignment v 7→ R · v (for any v ∈ B(U)). The restrictions ∇D1 |U ,
∇D2|U of the S-connections ∇D1 , ∇D2 may be expressed, via τ˜ ad(U,x) (cf. (56)),
as the maps determined by
1 · ∂x 7→
(
1 · ∂x,
(
0 a1
1 0
))
, 1 · ∂x 7→
(
1 · ∂x,
(
0 a2
1 0
))
(65)
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(for some a1, a2 ∈ Γ(U,OCS)) respectively. Hence, since ξ is compatible with
the respective S-connections ∇D1 and ∇D2 , one verifies the following equalities
of elements of Γ(U,OCS ⊗R gl2):(
0 a2
1 0
)
= R ·
(
0 a1
1 0
)
· R−1 +R · d(R−1)(66)
=
(
−b′+c
b
a1b
2 − c2 − bc′ + b′c
1
b2
b′−c
b
)
.(67)
It follows that (b2 = 1, c = 0, and) a1 = a2. In particular, by applying the
above discussion to various local charts (U, x), we obtain the equality D1 = D2.
This completes the proof of the injectivity.
Next, let us prove the surjectivity of the assignment D → P⊛†
D
. Let P⊛ :=
(PB,∇) be an indigenous bundle on CS/S. It follows from Proposition 2.1.2
that we are (by means of descent with respect to e´tale morphisms) always free
to replace S by any e´tale covering of S. Hence, we may assume that there
exists a rank 2 vector bundle V on CS with trivial determinant such that the
PGL2-torsor associated with V via projectivization is isomorphic to PG. The
B-reduction PB of PG determines a line subbundle N of V, which satisfies that
V/N ∼= N ∨. Here, write PGL2 for the GL2-torsor corresponding to V and PGm
for the Gm-torsor induced from PGL2 via the change of structure group by the
determinant map det : GL2 → Gm. Since the map (q, det) : GL2 ∼→ G×R Gm
(where q denotes the quotient GL2 ։ G) is e´tale, the natural morphism
T˜PGL2/S
∼→ T˜PG/S ×αPG ,TCS/S ,αPGm T˜PGm/S(68)
is an isomorphism. Hence, the pair (∇, d) of the S-connection ∇ on PG and
the trivial S-connection d on OCS determines an S-connection ∇V on V. For
each j = 0, 1, 2, we shall write αj for the composite
αj : D≤jCS/S ⊗N →֒ DCS/S ⊗ V
∇̂V→ V,(69)
where the first arrow arises from the injections D≤jCS/S →֒ DCS/S and N →֒ V.
α0 coincides (via the natural identification D≤0CS/S ⊗N = N ) with an identity
morphism of N . Also, it follows from the definition of an indigenous bundle
that α1 is an isomorphism and α2 is surjective. α1 induces an isomorphism
TCS/S ⊗N⊗2 (∼= det(D≤1CS/S ⊗N ))
∼→ (det(V) ∼=) OCS .(70)
That is to say, N (together with an isomorphism N⊗2 ∼→ ΩCS/S induced by
(70)) specifies a theta characteristic of CS/S. In particular, the square of
L′ := L ⊗ N ∨ is trivial. There exists a unique S-connection ∇L′ on L′ whose
square coincides with d. By tensoring (V,∇V) with (L′,∇L′), we may assume
that N = L.
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Let us consider the short exact sequence
0→ D≤1CS/S ⊗ L → D
≤2
CS/S
⊗ L → T ⊗2CS/S ⊗L → 0(71)
(cf. (32)). The composite (α1)−1 ◦ α2 : D≤2CS/S ⊗ L ։ D
≤1
CS/S
⊗ L specifies
a split surjection of (71). This split surjection determines a split injection
T ⊗2CS/S ⊗L → D
≤2
CS/S
⊗L of (71), and hence, determines, via (61), a differential
operator D : L∨ → L∨ ⊗ Ω⊗2CS/S ⊗ D
≤2
CS/S
. The isomorphism α1 is verified
to be compatible with the respective S-connections ∇D and ∇V , as well as
with the respective filtrations D≤1CS/S ⊗ L ⊇ D
≤0
CS/S
⊗ L ⊇ 0 and V ⊇ L ⊇ 0.
Consequently, P⊛ is isomorphic to the indigenous bundle P⊛
D
. This completes
the proof of the surjectivity, and hence, assertion (i).
Next, let us consider assertion (ii). Since indigenous bundles (of canonical
type) may be constructed by means of descent with respect to e´tale morphisms,
we are always free to replace S with its e´tale covering (cf. Proposition 2.1.2).
Thus, assertion (ii) may be reduced to the case where CS/S admits a theta
characteristic, which follows from assertion (i). 
2.6. Let us introduce notations for moduli functors classifying indigenous bun-
dles. Denote by
Sg,R : Sch/Mg,R → Set(72)
theSet-valued functor onSch/Mg,R which, to any object T →Mg,R ofSch/Mg,R,
assigns the set of isomorphism classes of indigenous bundles on the curve
fT : CT → T . Also, denote by
πSg,R : Sg,R →Mg,R(73)
the natural projection. For each object S → Mg,R of Sch/Mg,R as before, we
obtain
SS := Sg,R ×πSg,R,Mg,R S,(74)
which has the projection
πSS : SS → S.(75)
2.7. Next, let us consider a natural affine structure on SS by means of mod-
ular interpretation. Let P⊛ := (PB,∇) be an indigenous bundle on CS/S and
A ∈ Γ(CS,Ω⊗2CS/S), i.e., a global section of the projection A(fS∗(Ω⊗2CS/S)) → S.
By Propositions 2.1.2 and 2.5.1 (ii), there exist a unique indigenous bundle
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P⊛† := (P†B,∇†) on CS/S and a unique isomorphism P⊛ ∼→ P⊛†. By passing
to the composite
Ω⊗2CS/S
id⊗∇
†♯
→ ΩCS/S ⊗ ad(P†G)2(76)
→֒ ΩCS/S ⊗ T˜P†G/S
∼→HomOCS (TCS/S, T˜P†G/S),
one may identify A with an OCS -linear morphism TCS/S → T˜P†G/S. Hence, the
sum ∇†+A : TCS/S → T˜P†G/S makes sense and turns out to be an S-connection
on P†G. Moreover, it follows from the definition of an indigenous bundle (of
canonical type) that the pair
P⊛†+A := (P†B,∇† + A)(77)
forms an indigenous bundle on CS/S of canonical type. (Suppose that there ex-
ists a theta characteristic L of CS/S, and let D be an element of Γ(CS,Diff ≤2⋆L )
satisfying that P⊛† = P⊛†
D
(cf. Proposition 2.5.1 (ii)). Then, P⊛†+A may be de-
scribed as P⊛†+A = P⊛†D+A.) The assignment (P⊛, A) 7→ P⊛†+A is well-defined and
functorial (in the evident sense) with respect to S, and hence, determines an
action
SS ×S A(fS∗(Ω⊗2CS/S))→ SS(78)
on SS. By Proposition 2.5.1 (i) and (ii), the following proposition holds.
Proposition 2.7.1 (cf. [26], Chap. I, § 2, Corollary 2.9).
The functor SS may be represented by an A(fS∗(Ω
⊗2
CS/S
))-torsor over S with re-
spect to the A(fS∗(Ω
⊗2
CS/S
))-action just discussed. In particular, if, moreover, S
is a geometrically connected smooth Deligne-Mumford stack over R of relative
dimension n, then the functor SS may be represented by a geometrically con-
nected smooth Deligne-Mumford stack over R of relative dimension n+3g−3.
2.8. Let us consider a cohomological expression of the tangent bundle of the
stack Sg,R. Let S and P⊛ be as above. Write v : S → Mg,R for the structure
morphism of S and v : S → Sg,R for the S-rational point of Sg,R classifying
P⊛. By well-known generalities concerning deformation theory (cf. [30], § 10,
p.122), there exists a canonical isomorphism
aS : v
∗(TMg,R/R) ∼→ R1fS∗(TCS/S),(79)
i.e., the pull-back via v of the Kodaira-Spencer map of the tautological curve
fg,R : Cg,R →Mg,R. On the other hand, the structure of A(fS∗(Ω⊗2CS/S))-torsor
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on SS (cf. Proposition 2.7.1) yields a canonical isomorphism
cP⊛ : v
∗(TSg,R/Mg,R) ∼→ fS∗(Ω⊗2CS/S).(80)
Proposition 2.8.1.
There exists a canonical isomorphism
bP⊛ : v
∗(TSg,R/R) ∼→ R1fS∗(K•[∇ad])(81)
which fits into the following isomorphism of short exact sequences:
0 −−−→ v∗(TSg,R/Mg,R) −−−→ v∗(TSg,R/R)
dπSg,R−−−→ v∗(TMg,R/R) −−−→ 0
cP⊛
y≀ bP⊛y≀ aSy≀
0 −−−→ fS∗(Ω⊗2CS/S)
γ♯
P⊛−−−→ R1fS∗(K•[∇ad])
γ♭
P⊛−−−→ R1fS∗(TCS/S) −−−→ 0,
(82)
where the upper sequence is the exact sequence obtained by differentiating πSg,R :
Sg,R →Mg,R.
Proof. Denote by
∇˜ad : T˜PB/S → ΩCS/S ⊗ ad(PG)(83)
a unique f−1S (OS)-linear morphism determined by the condition that
〈∂, ∇˜ad(s)〉 = [∇(∂), ι˜(s)]−∇([∂, αPB (s)])(84)
for any local sections s ∈ T˜PB/S and ∂ ∈ TCS/S, where 〈−,−〉 denotes the
pairing TCS/S × (ΩCS/S ⊗ ad(PG)) → ad(PG) arising from the natural pairing
TCS/S × ΩCS/S → OCS . The surjection αPB : T˜PB/S → TCS/S and the zero map
ΩCS/S ⊗ ad(PG)→ 0 determine a morphism of complexes
α•PB : K•[∇˜ad]→ TCS/S[0].(85)
Now, let us write Sǫ := S×Spec(R) Spec(R[ǫ]/ǫ2), and assume tentatively that
S is affine. Let (CSǫ,PBǫ,∇ǫ) be a deformation to Sǫ of the triple (CS,PB,∇)
(i.e., a curve CS together with a B-torsor PB over CS and an S-connection ∇
on PB := PB ×B G). Write PGǫ := PBǫ ×B G and write ι˜ǫ : T˜PBǫ/Sǫ →֒ T˜PGǫ/Sǫ
for the injection arising from the natural injection PBǫ → PGǫ. The composite
TCSǫ/Sǫ
∇ǫ→ T˜PGǫ/Sǫ ։ T˜PGǫ/Sǫ/ι˜ǫ(T˜PBǫ/Sǫ)(86)
is an isomorphism since its restriction to CS via the closed immersion CS →
CSǫ coincides with the isomorphism ∇. Thus, the pair (PBǫ,∇ǫ) forms an
indigenous bundle on CSǫ/Sǫ. This implies that the set of isomorphism classes
of deformations of (CS,PB,∇) is in bijection with the set Γ(CS, v∗(TSg,R/R)),
i.e., the set of isomorphism classes of deformations of the pair (CS,P⊛) (i.e., a
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curve CS together with an indigenous bundle P⊛ on CS/S). On the other hand,
by an argument similar to the argument in the proof of [10], Proposition 4.4,
there exists a natural bijective correspondence between the set of isomorphism
classes of deformations to Sǫ of the triple (CS,PB,∇) and the underlying set of
the 1-st hypercohomology group H1(CS,K•[∇˜ad]). Thus, there exists a natural
isomorphism
Γ(CS, v
∗(TSg,R/R)) ∼→ H1(CS,K•[∇˜ad]).(87)
By applying the above discussion to various affine open subschemes of the
original S (without the affineness assumption), we obtain, from (87), an iso-
morphism
v∗(TSg,R/R) ∼→ R1fS∗(K•[∇˜ad]).(88)
Moreover, by the construction of (88), the square diagram
v∗(TSg,R/R)
dπSg,R−−−→ v∗(TMg,R/R)
(88)
y≀ ≀yaS
R1fS∗(K•[∇˜ad])
γ♭
P⊛−−−→ R1fS∗(TCS/S)
(89)
is commutative.
Next, observe that the image of the OCS -linear morphism T˜PB/S → T˜PG/S
given by assigning s 7→ s−∇ ◦ αPB (s) (for any local section a ∈ T˜PB/S) lies in
ad(PG) (= Ker(αPG) ⊆ T˜PG/S). If
η : T˜PB/S → ad(PG)(90)
denotes the resulting morphism, then it turns out to be an isomorphism sat-
isfying the equality ∇ad ◦ η = ∇˜ad. Hence, η and the identity morphism of
ΩCS/S ⊗ ad(PG) form an isomorphism of complexes
η• : K•[∇˜ad]→ K•[∇ad],(91)
which makes the the following diagram commute:
K•[∇˜ad]
α•PB
((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
≀η•

TCS/S[0].
K•[∇ad]
(48)
66❧❧❧❧❧❧❧❧❧❧❧❧❧
(92)
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By combining (89) with the diagram (92) applied the the functor R1fS∗(−), we
obtain an isomorphism bP⊛ : v
∗(TSg,R/R) ∼→ R1fS∗(K•[∇ad]) and a commutative
square diagram
v∗(TSg,R/R)
dπSg,R−−−→ v∗(TMg,R/R)
b
P⊛
y≀ ≀yaS
R
1fS∗(K•[∇ad])
γ♭
P⊛−−−→ R1fS∗(TCS/S).
(93)
The isomorphism v∗(TSg,R/Mg,R) ∼→ fS∗(Ω⊗2CS/S) obtained by restricting bP⊛ (and
by taking account of (50)) is verified to coincide with cP⊛ . Thus, the square
diagram (93) extends to an isomorphism of short exact sequences of the form
(82). This completes the proof of Proposition 2.8.1. 
3. Dormant Indigenous Bundles
In this section, we recall the definition of a dormant indigenous bundle and
discuss various moduli functors related to this notion.
3.1. Let S, G, and B be as in § 2.1. Suppose further that R = K for a field
of characteristic p > 2. First, we recall the definition of p-curvature map. Let
π : E → CS be a G-torsor over CS and ∇ : TCS/S → T˜E/S an S-connection
on E . If ∂ is a derivation corresponding to a local section ∂ of TCS/S (resp.,
T˜E/S := (π∗(TE/S))G), then we shall denote by ∂[p] the p-th iterate of ∂, which is
also a derivation corresponding to a local section of TCS/S (resp., T˜E/S). Since
αE(∂
[p]) = (αE(∂))
[p] for any local section of TCS/S, the image of the p-linear
map TX/S → T˜E/S defined by assigning ∂ 7→ ∇(∂[p])− (∇(∂))[p] is contained in
ad(E) (= Ker(αE)). Thus, we obtain an OCS -linear morphism
ψ(E,∇) : T ⊗pCS/S → ad(E)(94)
determined by assigning
∂⊗p 7→ ∇(∂[p])− (∇(∂))[p].(95)
We shall refer to the morphism ψ(E,∇) as the p-curvature map of (E ,∇).
Definition 3.1.1.
(i) We shall say that an indigenous bundle P⊛ := (PB,∇) on CS/S is
dormant if the p-curvature map ψ(PG,∇) of (PG,∇) vanishes identically
on CS.
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(ii) Let T be a K-scheme. A dormant curve over T of genus g is a pair
X
Zzz...
/T := (X/T,P⊛)(96)
consisting of a proper curve X over T of genus g and a dormant indige-
nous bundle P⊛ on X/T .
(iii) Let T be a K-scheme, and let X
Zzz...
/T := (X/T,P⊛ := (πP : PB →
X,∇P)) and Y Zzz.../T := (Y/T,Q⊛ := (πQ : QB → Y,∇Q)) be dormant
curves over T of genus g. An isomorphism of dormant curves from
X
Zzz...
/T to Y
Zzz...
/T is a pair (h, hB) consisting of an isomorphism h : X
∼→ Y
of T -schemes and an isomorphism hB : PB ∼→ QB that makes the square
diagram
PB hB−−−→
∼
QB
πP
y yπQ
X
h−−−→
∼
Y
(97)
commute and is compatible with both theB-actions and the S-connections
in the evident sense.
3.2. Next, we shall introduce the notion of ordinariness for dormant curves.
If P⊛ := (PB,∇) is an indigenous bundle on CS/S, then the natural morphism
Ker(∇ad)[0]→ K•[∇ad] determines, via the functor R1fS∗(−), a morphism
γ♮P⊛ : R
1fS∗(Ker(∇ad))→ R1fS∗(K•[∇ad])(98)
of OS-modules. By composing it and γ♭P⊛ (cf. (49)), we obtain a morphism
γ♥P⊛ : R
1fS∗(Ker(∇ad))→ R1fS∗(TCS/S)(99)
of OS-modules. Notice that γ♥P⊛ coincides with the morphism obtained by
applying the functor R1fS∗(−) to the natural composite
Ker(∇ad) →֒ ad(PG)։ ad(PG)/ad(PG)1 ∇
♭
→ TCS/S.(100)
Definition 3.2.1.
We shall say that a dormant curve CS
Zzz...
/S = (CS/S,P⊛) is ordinary if γ♥P⊛ is
an isomorphism.
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3.3. Denote by
M
Zzz...
g,K
(
resp., ⊚M
Zzz...
g,K
)
(101)
the stack classifying dormant curves (resp., ordinary dormant curves) over K
of genus g. (Notice that the ordinariness of a dormant curve depends only on
its isomorphism class.) There is a natural sequence of stacks
⊚M
Zzz...
g,K →M
Zzz...
g,K → Sg,K.(102)
We shall quote the following result from the p-adic Teichmu¨ller theory studied
by S. Mochizuki.
Proposition 3.3.1.
(Recall that K has characteristic p > 2.) The stack M
Zzz...
g,K may be represented
by a nonempty, geometrically connected, and smooth Deligne-Mumford stack
over K of dimension 3g − 3, which is a closed substack of Sg,K. The pro-
jection M
Zzz...
g,K → Mg,K is finite and faithfully flat. The stack ⊚MZzz...g,K may be
repressnted by a dense open substack of M
Zzz...
g,K and coincides with the e´tale lo-
cus of M
Zzz...
g,K over Mg,K. In particular,
⊚M
Zzz...
g,K is a nonempty, geometrically
connected, and smooth Deligne-Mumford stack over K of dimension 3g − 3.
Proof. See [27], Chap. II, § 2.3, Lemma 2.7; [27], Chap. II, § 2.3, Theorem 2.8
(and its proof). 
3.4. Finally, by means of cohomological expressions, we describe the differen-
tial of the closed immersion M
Zzz...
g,K → Sg,K.
Proposition 3.4.1.
Let P⊛ be an indigenous bundle on CS/S and let v : S → Sg,K be (as in
§ 2.8) the S-rational point of Sg,K classifying (CS/S,P⊛). Suppose further
that v factors through the closed immersion M
Zzz...
g,K → Sg,K (i.e., that P⊛ is
dormant). Denote by v˘ : S → MZzz...g,K the resulting S-rational point of MZzz...g,K .
Then, there exists a canonical isomorphism
dP⊛ : R
1fS∗(Ker(∇ad)) ∼→ v˘∗(TMZzz...g,K /K)(103)
which makes the square diagram
R1fS∗(Ker(∇ad))
γ♮
P⊛−−−→ R1fS∗(K•[∇ad])
dP⊛
y≀ ≀ybP⊛
v˘∗(T
M
Zzz...
g,K /K
) −−−→ v∗(TSg,K/K)
(104)
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commute, where the lower horizontal arrow denotes the OS-linear morphism
obtained by differentiating the closed immersion M
Zzz...
g,K → Sg,K.
Proof. See the proof of [27], Chap. II, § 2.3, Theorem 2.8. 
4. Preservation of Symplectic Structure
In this section, we construct a natural symplectic structure (cf. (108)) on
the moduli stack Sg,R in order to state the main result of the present paper,
i.e., Theorem A (= Theorem 4.4.1).
4.1. Let R be as in § 1.1, G and B as in § 2.1. Let v : S → Mg,R be an
object of Sch/Mg,R and P⊛ := (PB,∇) an indigenous bundle on CS/S. Denote
by v : S → Sg,R the S-rational point of Sg,R classifying the pair (CS,P⊛).
Recall that the Killing form on g (= sl2) is a nondegenerate symmetric bilinear
map κ : g× g → k defined by κ(a, b) = 1
4
· tr(ad(a) · ad(b)) (= tr(ab)) for any
a, b ∈ g. (Recall that 2 is invertible in R.) By carrying out the change of
structure group via κ, we obtain an OS-linear morphism
κP⊛ : ad(PG)⊗ ad(PG)→ OCS ,(105)
which induces an isomorphism
κ⊲P⊛ : ad(PG) ∼→ ad(PG)∨.(106)
Let us write ∇ad⊗2 for the S-connection on the tensor product ad(PG)⊗ad(PG)
induced naturally by∇ad. The morphism κP⊛ is compatible with the respective
S-connections ∇ad⊗2 and d. By composing the morphism κP⊛ and the cup
product in the de Rham cohomology, we obtain a skew-symmetric OS-bilinear
map on R1fS∗(K•[∇ad]):
R
1fS∗(K•[∇ad])⊗ R1fS∗(K•[∇ad])→ R2fS∗(K•[∇ad⊗2 ])(107)
→ R2fS∗(K•[d])
∼→ R1fS∗(ΩCS/S)∫
CS→ OS
(cf. [20], Corollary 5.6, for the third arrow). The OS-bilinear maps (107) of
the case where (S,P⊛) = (Sg,R,P⊛g,R) (where P⊛g,R denotes the tautological
indigenous bundle on the curve CSg,R over Sg,R) determines a 2-form
ωPGLg,R(108)
on Sg,R (cf. Proposition 2.7.1).
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4.2. In this subsection, we shall prove that ωPGLg,R forms a symplectic structure
on Sg,R (cf. Proposition 4.2.2). To this end, we first prepare for describing
Lemma 4.2.1 below, which asserts the compatibility of a diagram consisting of
the tangent spaces of various complex analytic spaces and cohomologies.
Let us consider the case where R = C. Let Σ be a connected orientable
closed surface of genus g and π := π1(Σ, z) the fundamental group of Σ with
respect to a fixed base-point z ∈ Σ. The space Hom(π,G) of representations
π → G has a canonical G-action obtained by composing representations with
inner automorphisms of G; the orbit space is denoted by Hom(π,G)/G. If we
denote by
R (⊆ Hom(π,G)/G)(109)
the subspace consisting of all irreducible representations, then R is a complex
manifold of dimension 6g − 6. According to the discussion in [14], § 1.4, § 1.7,
and Theorem, R admits a holomorphic symplectic structure
ωR ∈ Γ(R,
∧2
ΩR)(110)
which is characterized by the property described as follows. Let φ : π → G
be a homomorphism classified by a point tφ of R. Denote by gAd(φ) the C[π]-
module defined to be the C-vector space g equipped with the π-action given by
the composite π
φ→ G Ad→ GL(g). Then, there exists a canonical isomorphism
t∗φ(TR) ∼→ H1(π, gAd(φ))(111)
between the tangent space t∗φ(TR) of R at tφ and the 1-st cohomology group
H1(π, gAd(φ)) of the C[π]-module gAd(φ). The pairing
H1(π, gAd(φ))×H1(π, gAd(φ))→ C(112)
obtained by composing the cup product in the group cohomology and the
Killing form on g gives, via (111), a skew-symmetric bilinear map on t∗φ(TR).
Then, by the construction of ωR (cf. [14], § 1.4 and § 1.7), the bilinear map on
t∗φ(TR) just obtained coincides with the restriction to tφ of the bilinear map
determined by ωR.
Next, notice that the complex analytic stack Sang,C associated with Sg,C may
be thought of as the moduli stack classifying connected compact Riemann
surfaces of genus g equipped with an indigenous bundle. (Here, if, in Definition
2.1.1 (i), “CS” is replaced by a Riemann surface and the words “B-torsor” and
“connection” are understood in the analytic sense, then one obtains the notion
of an indigenous bundle on a Riemann surface.) We shall write STΣ (cf. (7))
for the space of all projective structures on Σ and
tS : STΣ → Sang,C(113)
for the morphism determined by the assignment from each projective struc-
ture to an indigenous bundle mentioned in § 0.2. By taking the monodromy
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representations of indigenous bundles, we obtain (cf. [19], Theorem) a local
biholomorphic map
tR : STΣ → R.(114)
Now, let X be a connected compact Riemann surface of genus g (i.e., a
complex structure on Σ) with marking µ : Σ
∼→ X and P> := {ϕα : (X ⊇
) Uα
∼→ Vα (⊆ P1an)}α (where P1 denotes the projective line) a projective
structure on Σ defining X . The pair (X,P>) determines its classifying mor-
phism tP> : pt→ STΣ (where pt denotes the complex analytic space consisting
of exactly one point). The composite tP⊛an (:= t
S◦tP>) : pt→ Sang,C classifies an
indigenous bundle P⊛an := (PanB ,∇an) on X . Denote by ∇anad the C-connection
(in the analytic sense) on the (holomorphic) adjoint vector bundle ad(PanG ) of
the G-torsor PanG := PanB ×B G. If φ denotes the representation π → G classi-
fied by the composite tφ (:= t
R ◦ tP>) : pt→ R, then, by the Riemann-Hilbert
correspondence, there exists a canonical isomorphism
H1(π, gAd(φ))
∼→ H1(X,K•[∇anad]).(115)
Finally, write Xalg for the proper curve over C corresponding to X and
P⊛ := (PB,∇) for the indigenous bundle on Xalg corresponding to P⊛an. The
pair (Xalg,P⊛) determines its classifying morphism tP⊛ : Spec(C) → Sg,C.
Then, we obtain a composite isomorphism
t∗P⊛an(TSang,C)
∼→ t∗P⊛(TSg,C) ∼→ H1(Xalg,K•[∇ad]),(116)
where the first isomorphism follows from the GAGA principle and the second
isomorphism follows from Proposition 2.8.1. Also, it follows from [11], II,
The´ore`me 6.13, that there exists a canonical isomorphism
H
1(Xalg,K•[∇ad]) ∼→ H1(X,K•[∇anad]).(117)
Lemma 4.2.1.
The following diagram of C-vector spaces is commutative:
t∗P>(TSTΣ )
≀

∼
// t∗P⊛an(TSang,C) ∼
(116)
// H1(Xalg,K•[∇ad])
≀ (117)

t∗φ(TR) ∼
(111)
// H1(π, gAd(φ)) ∼
(115)
// H1(X,K•[∇anad]),
(118)
where
• the left-hand vertical arrow arises from tR;
• the left-hand arrow in the upper horizontal sequence arises from tS.
Proof. In the following discussion, we shall write ptǫ := Spec(C[ǫ]/ǫ
2)an. Also,
for each complex analytic space U , we shall write Uǫ := U × ptǫ.
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Let us take an analytic open covering U := {Uα}α∈I (where I is an index
set) of X such that the restriction (PanG |Uα,∇an|Uα) of (PanG ,∇an) to each Uα is
trivial. That is to say, for each α ∈ I, there exists an isomorphism
γα : Uα ×G ∼→ PanG |Uα(119)
ofG-torsors that is compatible with the respective connections∇trivα and∇an|Uα
(where we consider Uα × G as the trivial G-torsor over Uα equipped with the
trivial connection ∇trivα ). Here, recall that the flag variety G/B of G classifying
all Borel subgroups of G is isomorphic to the projective line P1. We shall fix an
isomorphism G/B
∼→ P1. The B-reduction γ∗α(PanB |Uα) of the trivial G-torsor
G× Uα determines its classifying morphism
ϕα : Uα → ((G/B)an ∼→) P1an.(120)
In particular, if PanB,univ denotes the universal B-reduction of the trivial G-torsor
G× P1an over P1an (∼= (G/B)an), then we have γ∗α(PanB |Uα) ∼= ϕ∗α(PanB,univ). We
shall write Vα := Im(ϕα). By abuse of notation, we also write ϕα for the
morphism Uα → Vα obtained from ϕα : Uα → P1an by restricting the codomain
to Vα. It follows from the definition of an indigenous bundle that ϕα is locally
biholomorphic. Hence, after possibly replacing U by its refinement, one may
assume that each ϕα : Uα → Vα is biholomorphic. The collection of data
{ϕα}α∈I forms a projective structure on Σ equivalent to P>.
Let us take an element u ∈ t∗P>(TSTΣ ) and denote by u′ ∈ H1(X,K•[∇anad])
the image of u via the composite of the left-hand vertical arrow and the lower
sequence of isomorphisms in (118). The set H1(X,K•[∇anad]) is in bijection with
the set of isomorphism classes of deformations of (PanG ,∇an) to ptǫ (cf. [28],
Proposition 5). By this bijective correspondence, u′ corresponds to a defor-
mation which we denote by (Pan,1G ,∇an,1). After possibly replacing U with its
refinement, one may calculate H1(X,K•[∇anad]) as the total cohomology of the
Cˇech double complex Cˇ•(U,K•[∇anad]) associated with K•[∇anad]. In particular, u′
may be represented by a 1-cocycle u˜′ of Tot•(Cˇ•(U,K•[∇anad])). This 1-cocycle
u˜′ may be given by a collection of data
u˜′ = ({aα,β}α,β, {bα}α)(121)
consisting of a Cˇech 1-cocycle {aα,β}α,β ∈ Cˇ1(U, ad(PanG )) (where aα,β ∈ Γ(Uα∩
Uβ, ad(PanG ))) and a Cˇech 0-cochain {bα}α ∈ Cˇ0(U,ΩX ⊗ ad(PanG )) (where
bα ∈ Γ(Uα, ad(PanG ))) which agree under ∇anad and the Cˇech coboundary map.
For each (α, β) ∈ I × I with Uα,β := Uα ∩ Uβ 6= ∅, the element aα,β deter-
mines, in a natural manner, a deformation id1α,β of the identity morphism of
the G-torsor (PanG |Uα,β)ǫ over (Uα,β)ǫ. The B-reduction (id1α,β ◦ (γα|Uαβ×G ×
idptǫ))
∗((PanB |Uα,β)ǫ) of G× (Uα,β)ǫ determines its classifying morphism
(Uα,β)ǫ → ((G/B)an ∼→) P1an(122)
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extending ϕα|Uα,β : Uα,β → Vα (⊆ P1an). The morphism (122) and the projec-
tion (Uα,β)ǫ → ptǫ give an isomorphism
ϕ1α : (Uα,β)ǫ
∼→ ((Vα ∩ ϕα(Uα,β))× ptǫ =) (Vα ∩ ϕα(Uα,β))ǫ.(123)
We shall write
ϕ1α,β := (ϕβ|Uα,β × idptǫ) ◦ (ϕ1α)−1 : (Vα ∩ ϕα(Uα,β))ǫ
∼→ (Vβ ∩ ϕβ(Uα,β))ǫ.
(124)
Then, the collection {(Vα)ǫ}α may be glued together, by means of the iso-
morphisms {ϕ1α,β}α,β, to a family of projective structures parametrized by ptǫ,
which specifies a family of Riemann surfaces X1. By the construction of ϕ1α,β,
there exists a canonical isomorphism
ϕ1,Bα,β : PanB,univ ×P1an (Vα ∩ ϕα(Uα,β))ǫ ∼→ PanB,univ ×P1an (Vβ ∩ ϕβ(Uα,β))ǫ(125)
which is compatible with the respective B-actions and makes the square dia-
gram
PanB,univ ×P1an (Vα ∩ ϕα(Uα,β))ǫ
ϕ1,Bα,β−−−→
∼
PanB,univ ×P1an (Vβ ∩ ϕβ(Uα,β))ǫy y
(Vα ∩ ϕα(Uα,β))ǫ
ϕ1α,β−−−→
∼
(Vβ ∩ ϕβ(Uα,β))ǫ
(126)
commute, where the both sides of vertical arrows are the projections onto the
second factors. Thus, the B-torsors PanB,univ×P1an (Vα)ǫ (for α ∈ I) may be glued
together, by means of the isomorphisms {ϕ1,Bα,β}α,β, to a B-torsor Pan,1B over X1.
In particular, we obtain a G-torsor Pan,1G := Pan,1B ×B G.
Next, for each α ∈ I, the element bα ∈ Γ(Uα,ΩX ⊗ ad(PanG )) determines,
in a natural manner, a deformation ∇an,1α to ptǫ of the C-connection ∇an|Uα
on PanG |Uα. By the various definitions involved, the collection of connections
{∇an,1α }α may be glued together to a connection ∇an,1 on Pan,1G .
It follows from the GAGA principle that there exists a proper curve Xalg,1
over Spec(C[ǫ]/ǫ2) whose associated complex analytic space is isomorphic to
X1. (In particular, Xalg,1 is a deformation of Xalg to Spec(C[ǫ]/ǫ2).) Also, we
obtain a B-torsor Palg,1B corresponding to Pan,1B and a (C[ǫ]/ǫ2)-connection∇alg,1
on Palg,1G := Palg,1B ×B G corresponding to ∇an,1. The pair (Palg,1B ,∇alg,1) forms
a deformation of P⊛, which determines an element u′′ of H1(Xalg,K•[∇ad]) (cf.
Proposition 2.8.1). One verifies immediately that u′′ coincides with the image
of u via the composite of the two arrows in the upper horizontal sequence
in (118). This implies that the diagram (118) is commutative, and hence,
completes the proof of Lemma 4.2.1. 
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Proposition 4.2.2.
ωPGLg,R is a symplectic structure on Sg,R.
Proof. The nondegeneracy of ωPGLg,R follows from the explicit description of hy-
percohomology in terms of the Cˇech double complex associated with K•[∇ad].
Indeed, one verifies easily from such an explicit description that the bilinear
map κP⊛ (cf. (105)) induces naturally a morphism of OS-modules
κ◮P⊛ : R
1fS∗(K•[∇ad])→ R1fS∗(K•[∇ad])∨(127)
and a morphism of spectral sequences from
“Ep,q1 = R
qfS∗(Kp[∇ad])⇒ Rp+qfS∗(K•[∇ad])”(128)
to
“Ep,q1 = R
1−pfS∗(K1−q[∇ad])∨ ⇒ R2−p−qfS∗(K•[∇ad])∨”(129)
which are compatible with κ◮P⊛ in the evident sense. But the constituents
RqfS∗(Kp[∇ad])→ R1−pfS∗(K1−q[∇ad])∨ in this morphism of spectral sequences
are, in fact, the composites of κ⊲P⊛ and the isomorphisms arising from Serre
duality. It thus follows that κ◮P⊛ is an isomorphism, which implies that ω
PGL
g,R
is nondegenerate.
Next, we consider the closedness of ωPGLg,R . Since the closedness of a differen-
tial form is preserved under base change via Spec(R)→ Spec(Z[1
2
]), it suffices
to verify the case where R = Z[1
2
]. But,
∧3ΩS
g,Z[ 12 ]
/Z[ 1
2
] is flat over Z[
1
2
], so
the assertion of the case where R = Z[1
2
] follows from the assertion of the case
where R = C. By Lemma 4.2.1 and the construction of ωR, the 2-form t
R∗(ωR)
coincides with tS∗(ωPGL,ang,C ) up to a constant factor, where ω
PGL,an
g,C denotes the
holomorphic 2-form on Sang,C corresponding to ω
PGL
g,C . But, since ωR is closed
(by [14], Theorem), the 2-form ωPGL,ang,C , as well as ω
PGL
g,C , turns out to be closed
(cf. the first isomorphism in (116)). This completes the proof of Proposition
4.2.2. 
4.3. Suppose further that v : S → Mg,R is e´tale (hence SS is a smooth
Deligne-Mumford stack over R of relative dimension 6g − 6). Consider the
composite isomorphism
ΩS/R
(
= T ∨S/R
) ∼→ v∗(T ∨Mg,R/R)(130)
∼→ v∗(R1fg,R∗(TCg,R/Mg,R)∨)
∼→ v∗(fg,R∗(Ω⊗2Cg,R/Mg,R))
∼→ fS∗(Ω⊗2CS/S),
where
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• the first isomorphism follows from the e´taleness of v;
• the second and third isomorphisms arises from the isomorphisms aMg,R
(cf. (79)) and
∫
Cg,R,Ω
⊗2
Cg,R/Mg,R
(cf. (24)) respectively.
Because of this composite isomorphism, the cotangent bundle T∨S (= A(ΩS/R))
may be thought of as the trivial A(fS∗(Ω
⊗2
CS/S
))-torsor over S. Hence, for each
global section σ : S → SS of the projection πSS : SS → S, there exists (by
Proposition 2.7.1) a unique isomorphism
Ψσ : T
∨
S
∼→ SS(131)
over S which is compatible with the respective A(fS∗(Ω
⊗2
CS/S
))-actions and
whose restriction Ψσ|0S to the zero section 0S : S → T∨S coincides with σ.
In particular, Ψσ induces an isomorphism of short exact sequences
0 −−−→ 0∗S(TT ∨S /S) −−−→ 0∗S(TT∨S /R) −−−→ TS/R −−−→ 0
≀
y ≀y yid
0 −−−→ σ∗(TSS/S) −−−→ σ∗(TSS/R) −−−→ TS/R −−−→ 0.
(132)
Next, write vS : SS → Sg,R for the base-change of v via the projection πSg,R :
Sg,R → Mg,R. Since vS is e´tale (which implies that vS∗(ΩSg,R/R) ∼= ΩSS/R),
the pull-back
ωPGLS := v
S∗(ωPGLg,R )(133)
determines a symplectic structure on SS (cf. Proposition 4.2.2).
4.4. Let K be a field of characteristic p > 2. We shall write
⊚T∨
Zzz...
g,K := T
∨
⊚M
Zzz...
g,K
(= T∨Mg,K ×Mg,K ⊚M
Zzz...
g,K ),(134)
⊚S
Zzz...
g,K := Sg,K ×Mg,K ⊚M
Zzz...
g,K .
The stack ⊚S
Zzz...
g,K admits a section σg,K :
⊚M
Zzz...
g,K → ⊚SZzz...g,K arising from the
natural immersion ⊚M
Zzz...
g,K → Sg,K. By Proposition 3.3.1, one may apply the
discussion in the previous subsection to the case where the data “(R, S, σ :
S → SS)” is taken to be (K, ⊚MZzz...g,K , σg,K). Thus, we obtain an isomorphism
Ψg,K :
⊚T∨
Zzz...
g,K
∼→ ⊚SZzz...g,K(135)
over ⊚M
Zzz...
g,K (cf. (131)) and a symplectic sturcture
ωPGL⊚(136)
32 YASUHIRO WAKABAYASHI
on ⊚S
Zzz...
g,K (cf. (133)). On the other hand, recall that
⊚T∨
Zzz...
g,K admits a canon-
ical symplectic structure
ωcan⊚ := ω
can
⊚M
Zzz...
g,K
(137)
(cf. (17)). The main result of the present paper is Theorem A, i.e., the theorem
described as follows.
Theorem 4.4.1.
The isomorphism Ψg,K preserves the symplectic structure, i.e.,
Ψ∗g,K(ω
PGL
⊚ ) = ω
can
⊚ .(138)
5. Proof of Theorem A
This section is devoted to the proof of Theorem 4.4.1.
5.1. First, let us consider the behavior of the symplectic structures ωcanS and
ωPGLS under the translation by an element of Γ(S,ΩS/K). Let R be as in § 1.1
and v : S → Mg,R an e´tale relative scheme over Mg,R. In the following, (−)
denotes either T∨ or S. We shall write
(−)T∨S := (−)S ×S T∨S ,(139)
which has the projections
π
(−)
S,1 : (−)T
∨
S → (−)S and π(−)S,2 : (−)T
∨
S → T∨S(140)
onto the first and second factors respectively. Define τ
(−)
S to be the composite
τ
(−)
S : (−)T
∨
S → (−)T
∨
S ×S A(ΩS/R)(141)
∼→ (−)T∨S ×S A(fS∗(Ω⊗2CS/S))
→ (−)T∨S ,
where
• the first arrow denotes the product of the identity morphism of (−)S
and the section T∨S → T∨S ×S A(ΩS/R) corresponding to the Liouville
form λS ∈ Γ(T∨S , πT∨∗S (ΩS/R)) (cf. § 1.4) on T∨S ;
• the second arrow denotes the product of the identity morphism of (−)T∨S
and the isomorphism A(ΩS/R)
∼→ A(fS∗(Ω⊗2CS/S)) (cf. (130));
• the third arrow arises from the structure of A(fS∗(Ω⊗2CS/S))-torsor (cf.
(130) and Proposition 2.7.1) on the first factors in (−)T∨S := (−)S×ST∨S .
THE SYMPLECTIC NATURE OF DORMANT INDIGENOUS BUNDLES 33
For each A ∈ Γ(S,ΩS/R) (= Γ(CS,Ω⊗2CS/S)), we denote by
τ
(−)
S,A : (−)S ∼→ (−)S(142)
the automorphism of (−)S determined, via its affine structure, by the transla-
tion by A. Also, denote by
σT
∨
S,A : S → T∨S(143)
the section of πT
∨
S corresponding to A (hence, 0S = σ
T∨
S,0). The equality
τ
(−)
S,A = π
(−)
S,1 ◦ τ (−)S ◦ (id(−)S × σT
∨
S,A)(144)
holds.
If S is replaced by a covering space S ′ (say, TΣ) of Mang,C, then we obtain,
in the same manner, a complex analytic stack (−)T∨S′ and various morphisms
π
(−)
S′,1, π
(−)
S′,2, and τ
(−)
S′ . (They will be used in the proof of Proposition 5.1.2.)
Then, the following Propositions 5.1.1 and 5.1.2 hold.
Proposition 5.1.1.
The following equality of elements in Γ(T∨T
∨
S ,
∧2ΩT∨T∨S /R) holds:
(πT
∨
S,1 ◦ τT
∨
S )
∗(ωcanS ) = π
T∨∗
S,1 (ω
can
S ) + π
T∨∗
S,2 (ω
can
S ).(145)
In particular, for each A ∈ Γ(S,ΩS/R), the following equality holds:
τT
∨∗
S,A (ω
can
S ) = ω
can
S + π
T∨∗
S (dA).(146)
Proof. Let us consider the former assertion. Let q1, · · · , q3g−3 be local coordi-
nates in S, and let p1, · · · , p3g−3 and p′1, · · ·p′3g−3 be its dual coordinates in the
first and second factors, respectively, of the product T∨T
∨
S = T
∨
S ×S T∨S . Then,
locally on T∨T
∨
S , we have
(πT
∨
S,1 ◦ τT
∨
S )
∗(ωcanS ) = (π
T∨
S,1 ◦ τT
∨
S )
∗(
3g−3∑
i=1
dpi ∧ dqi)(147)
=
3g−3∑
i=1
d(pi + p
′
i) ∧ dqi
=
(
3g−3∑
i=1
dpi ∧ dqi
)
+
(
3g−3∑
i=1
dp′i ∧ dqi
)
= πT
∨∗
S,1 (ω
can
S ) + π
T∨∗
S,2 (ω
can
S ).
This completes the proof of the former assertion.
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The latter assertion follows from the following sequence of equalities:
τT
∨∗
S,A (ω
can
S )(148)
= (idT∨S × σT
∨
S,A)
∗((πT
∨
S,1 ◦ τT
∨
S )
∗(ωcanS ))
= (idT∨S × σT
∨
S,A)
∗(πT
∨∗
S,1 (ω
can
S ) + π
T∨∗
S,2 (ω
can
S ))
= (πT
∨
S,1 ◦ (idT∨S × σT
∨
S,A))
∗(ωcanS ) + (σ
T∨
S,A ◦ πT
∨
S )
∗(dλS)
= ωcanS + π
T∨∗
S (d(σ
T∨∗
S,A (λS)))
= ωcanS + π
T∨∗
S (dA),
where the first equality follows from (144) and the second equality follows from
(145). 
Proposition 5.1.2.
The following equality of elements in Γ(ST
∨
S ,
∧2 ΩST∨S /R) holds:
(πSS,1 ◦ τSS )∗(ωPGLS ) = πS∗S,1(ωPGLS ) + πS∗S,2(ωcanS ).(149)
In particular, for each A ∈ Γ(S,ΩS/R), the following equality holds:
τS∗S,A(ω
PGL
S ) = ω
PGL
S + π
S∗
S (dA).(150)
Proof. The latter assertion follows from the former assertion and the argument
in the proof of the latter assertion of Proposition 5.1.1 where “T∨” is replaced
by “S”.
Let us prove the former assertion. The equality (149) may be obtained
as the pull-back, via the composite S
v→ Mg,R → Mg,Z[ 1
2
], of the equality
(149) of the case where (R, S) is taken to be (Z[1
2
],Mg,Z[ 1
2
]). Hence, the proof
of the assertion is reduced to the case where (R, S) = (Z[1
2
],Mg,Z[ 1
2
]). Also,
since
∧2ΩST∨
g,Z[ 12 ]
/Z[ 1
2
] (where S
T∨
g,Z[ 1
2
]
:= ST
∨
M
g,Z[ 12 ]
) is flat over Z[1
2
], the natural
morphism
Γ(ST
∨
g,Z[ 1
2
]
,
∧2
ΩST∨
g,Z[ 12 ]
/Z[ 1
2
])→ Γ(ST
∨
g,C,
∧2
ΩST∨g,C/C
)(151)
(where ST
∨
g,C := S
T∨
Mg,C
) arising from base-change via Spec(C) → Spec(Z[1
2
])
is injective. Thus, it suffices to prove the equality (149) of the case where
(R, S) = (C,Mg,C). Moreover, by applying the analytification functor and
replacing Mang,C by its covering space T
Σ, one can reduce to proving the equality
(πSTΣ,1 ◦ τSTΣ)∗(ωPGLTΣ ) = πS∗TΣ,1(ωPGLTΣ ) + πS∗TΣ,2(ωcanTΣ )(152)
of holomorphic 2-forms on TΣ.
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Since TΣ is simply connected, there exists a complex differential 1-form δ on
TΣ satisfying the equality (1+
√−1)·ωWP = −dδ, where ωWP denotes the Weil-
Petersson symplectic form on TΣ. Denote by σFunif and σ
B
unif the C
∞ sections
TΣ → STΣ determined by the Fuchsian and Bers uniformizations respectively
(cf. [12]; [1], § 3.1, (3.1)). Because of the A(ΩTΣ)-torsor structure on STΣ , it
makes sense to speak of the sum
σBunif ,δ := σ
B
unif + δ,(153)
which specifies a section TΣ → STΣ. The differences σFunif − σBunif and σFunif −
σBunif,δ may be thought of as elements of Γ(T
Σ,ΩTΣ). Then,
d(σFunif − σBunif,δ) = d(σFunif − σBunif)− dδ(154)
= −√−1 · ωWP + (1 +
√−1) · ωWP
= ωWP ,
where the second equality follows from [25], Theorem 1.5, and the defini-
tion of δ. Thus, it follows from [24], Theorem 6.8, that the diffeomorphism
ΨσBunif,δ : T
∨
TΣ
∼→ STΣ induced by σBunif,δ satisfies the equality Ψ∗σBunif,δ(ω
PGL
TΣ
) =
ωcan
TΣ
. Hence, the following sequence of equalities holds:
(ΨσBunif,δ × idT∨TΣ )
∗((πSTΣ,1 ◦ τSTΣ)∗(ωPGLTΣ ))(155)
= (πSTΣ,1 ◦ τSTΣ ◦ (ΨσBunif,δ × idT∨TΣ ))
∗(ωPGLTΣ )
= (πSTΣ,1 ◦ (ΨσBunif,δ × idT∨TΣ ) ◦ τ
T∨
TΣ )
∗(ωPGLTΣ )
= (ΨσBunif,δ ◦ π
S,an
TΣ,1
◦ τT∨TΣ )∗(ωPGLTΣ )
= (πSTΣ,1 ◦ τT
∨
TΣ )
∗(ωcanTΣ ).
On the other hand, we have the following equalities:
(ΨσBunif,δ × idT∨TΣ )
∗(πS∗TΣ,1(ω
PGL
TΣ ) + π
S∗
TΣ,2(ω
can
TΣ ))
(156)
= (πS∗TΣ,1 ◦ (ΨσBunif,δ × idT∨TΣ ))
∗(ωPGLTΣ ) + (π
S∗
TΣ,2 ◦ (ΨσBunif,δ × idT∨TΣ ))
∗(ωcanTΣ )
= (ΨσBunif,δ ◦ π
T∨
TΣ,1)
∗(ωPGLTΣ ) + π
T∨∗
TΣ,2(ω
can
TΣ )
= πT
∨∗
TΣ,1(ω
can
TΣ ) + π
T∨∗
TΣ,2(ω
can
TΣ ).
By (155) and (156), the equality (152) holds if and only if the equality
(πT
∨
TΣ,1 ◦ τT
∨
TΣ )
∗(ωcanTΣ ) = π
T∨∗
TΣ,1(ω
can
TΣ ) + π
T∨∗
TΣ,2(ω
can
TΣ )(157)
holds. But, the equality (157) follows from an argument similar to the argu-
ment in the proof of the former assertion of Proposition 5.1.1. This completes
the proof of the former assertion of Proposition 5.1.2. 
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5.2. Now, let us consider the case where R = K for a field K of characteristic
p > 2. Suppose further that v : S → Mg,K factors through the projection
⊚M
Zzz...
g,K → Mg,K and that the resulting morphism v˘ : S → ⊚MZzz...g,K is e´tale.
Denote by
σS : S → SS (resp., ΨS : T∨S → SS)(158)
the restriction of σg,K (resp., Ψg,K) to S. Since the natural map
Γ(⊚T∨
Zzz...
g,K ,
∧2
Ω⊚T∨Zzz...g,K /K
)→ Γ(T∨S ,
∧2
ΩT∨S /K)(159)
induced from v˘ is injective, the proof of Theorem 4.4.1 is reduced to proving
the equality
Ψ∗S(ω
PGL
S ) = ω
can
S .(160)
Moreover, for the same reason, we are always free to replace S by any e´tale
covering of S.
5.3. Let us apply Propositions 5.1.1 and 5.1.2 in order to obtain, for each
A ∈ Γ(S,ΩS/K), the following sequence of equalities:
σ∗S(ω
PGL
S )− 0∗S(ωcanS )(161)
= σ∗S(τ
S∗
S,A(ω
PGL
S )− dA)− 0∗S(τT
∨
S,A(ω
can
S )− dA)
= (0∗S(Ψ
∗
S(τ
S∗
S,A(ω
PGL
S )))− dA)− (0∗S(τT
∨
S,A(ω
can
S ))− dA)
= 0∗S(τ
T∨∗
S,A (Ψ
∗
S(ω
PGL
S ))− τT
∨∗
S,A (ω
can
S ))
= σT
∨∗
S,A (Ψ
∗
S(ω
PGL
S )− ωcanS ).
After possibly replacing S by its e´tale covering, we may assume that S is affine
and the vector bundle ΩS/K is free. Under this assumption, Ψ
∗
S(ω
PGL
S )−ωcanS = 0
if and only if σT
∨∗
S,A (Ψ
∗
S(ω
PGL
S ) − ωcanS ) = 0 for all A ∈ Γ(S,ΩS/K). Thus, in
order to complete the proof of Theorem 4.4.1, it suffices (by (161)) to prove
the equality
σ∗S(ω
PGL
S ) = 0
∗
S(ω
can
S ).(162)
5.4. Let us consider the right-hand side (i.e., 0∗S(ω
can
S )) of the equality (162).
The differential of the zero section 0S : S → T∨S specifies a split injection
TS/K →֒ 0∗S(TT∨S /K) of the natural short exact sequence
0→ 0∗S(TT∨S /S)→ 0∗S(TT∨S /K)→ TS/K → 0.(163)
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This split injection gives a decomposition
0∗S(TT∨S /K)
∼→ TS/K ⊕ 0∗S(TT∨S /S)(164)
∼→ TS/K ⊕ ΩS/K
∼→ R1fS∗(TCS/S)⊕ fS∗(Ω⊗2CS/S),
where the last isomorphism follows from (130). The OS-bilinear map on
0∗S(TT∨S /K) determined by ωcanS is given, via this decomposition, by the pair-
ing 〈−,−〉 : R1fS∗(TCS/S)×fS∗(Ω⊗2CS/S)→ OS arising from
∫
CS ,Ω
⊗2
CS/S
(cf. (24)).
More precisely, this bilinear map may be expressed, via (164), as the map given
by assigning
((a, b), (a′, b′)) 7→ 〈a, b′〉 − 〈a′, b〉(165)
for local sections a, a′ ∈ R1fS∗(TCS/S) and b, b′ ∈ fS∗(Ω⊗2CS/S).
5.5. Next, let us consider the left-hand side (i.e., σ∗S(ω
PGL
S )) of (162). The
differential of the section σS (= ΨS ◦ 0S) : S → SS specifies a split injection
TS/K →֒ σ∗S(TSS/K) of the short exact sequence
0→ σ∗S(TSS/S)→ σ∗S(TSS/K)→ TS/K → 0.(166)
If CS
Zzz...
/S = (CS/S,P⊛ = (PB,∇)) denotes the ordinary dormant curve classi-
fied by v˘ (hence γ♥P⊛ is an isomorphism), then it follows from Proposition 2.8.1
that this split injection corresponds to a split injection
R
1fS∗(TCS/S) →֒ R1fS∗(K•[∇ad])(167)
of the short exact sequence
0→ fS∗(Ω⊗2CS/S)
γ♯
P⊛→ R1fS∗(K•[∇ad])
γ♭
P⊛→ R1fS∗(TCS/S)→ 0.(168)
Moreover, if we identify R1fS∗(TCS/S) with R1fS∗(Ker(∇ad)) via the isomor-
phism γ♥P⊛, then it follows from Proposition 3.4.1 that the injection (167) co-
incides with γ♮P⊛ : R
1fS∗(Ker(∇ad))→ R1fS∗(K•[∇ad]). Consider the resulting
decomposition
R
1fS∗(K•[∇ad]) ∼→ R1fS∗(TCS/S)⊕ fS∗(Ω⊗2CS/S).(169)
Because of the discussion in the previous subsection, the proof of Theorem
4.4.1 is reduced to the following lemma.
Lemma 5.5.1.
The OS-bilinear map on R1fS∗(K•[∇ad]) corresponding to ωPGLS is given, via the
decomposition (169), by the pairing R1fS∗(TCS/S) × fS∗(Ω⊗2CS/S) → OS arising
from
∫
CS ,Ω
⊗2
CS/S
(in the sense of (165)).
38 YASUHIRO WAKABAYASHI
Proof. The subsheaf ad(PG)1 ⊆ ad(PG) is isotropic with respect to κP⊛ :
ad(PG)⊗OCS ad(PG) → OCS (cf. (105)). Hence, κP⊛ induces an OCS -bilinear
map κP⊛ : ad(PG)/ad(PG)1 × ad(PG)2 → OCS . One verifies from a straight-
forward calculation that the diagram
TCS/S × ΩCS/S
(∇
♭
)−1×∇
♯
//
〈−,−〉
&&▼
▼▼
▼▼
▼▼
▼▼
▼▼
ad(PG)/ad(PG)1 × ad(PG)2
κP⊛
uu❦❦❦
❦❦
❦❦
❦❦
❦❦
❦❦
❦❦
❦
OCS
(170)
is commutative, where 〈−,−〉 denotes the natural paring TCS/S × ΩCS/S →
OCS . Therefore, the assertion follows from the definition of ωPGLS and, e.g., the
explicit description of R1fS∗(K•[∇ad]) in terms of the Cˇech double complex. 
Consequently, we have proved Theorem 4.4.1 (i.e., Theorem A).
6. Application of Theorem A
As an application of Theorem 4.4.1, we construct certain additional struc-
tures on ⊚S
Zzz...
g,K .
6.1. Let K be a field of characteristic p > 2, X a smooth Deligne-Mumford
stack over K, and ω a symplectic structure on X . ω corresponds to a nonde-
generate pairing TX/K ⊗OX TX/K → OX on TX/K and gives an identification
TX/K ∼→ T ∨X/K = ΩX/K . Under this identification, ω may be thought of as
a nondegenerate pairing ω−1 : ΩX/K ⊗OX ΩX/K → OX . Thus, we obtain a
skew-symmetric K-bilinear map
{−,−}ω : OX ×OX → OX(171)
defined by {f, g}ω = ω−1(df, dg). One verifies from the closedness of ω that
{−,−}ω defines a Poisson bracket.
Definition 6.1.1.
A restricted structure on the pair (X,ω) is a map (−)[p] : OX → OX such
that the triple (OX , {−,−}ω, (−)[p]) forms a sheaf of restricted Poisson algebras
over K (cf. [6], Definition 1.8, for the definition of a restricted Poisson algebra).
Next, we recall the definition of a Frobenius-constant quantization (cf. [5],
Definition 3.3; [6], Definition 1.1 and Definition 1.4). In Definition 6.1.2 below,
THE SYMPLECTIC NATURE OF DORMANT INDIGENOUS BUNDLES 39
X(1) denotes the Frobenius twist ofX over K (i.e., the base-change X×K,F absK K
of the K-stack X via the absolute Frobenius morphism F absK of K), and F :
X → X(1) denotes the relative Frobeius morphism of X over K.
Definition 6.1.2.
(i) Consider a pair (OℏX , τ) consisting of
• a Zariski sheaf OℏX of flat k[[ℏ]]-algebras on X complete with re-
spect to the ℏ-adic filtration;
• an isomorphism τ : OℏX/ℏ · OℏX ∼→ OX of sheaves of algebras.
We shall say that the pair (OℏX , τ) is a quantization on the pair (X,ω)
if the commutator in OℏX is equal, via τ , to ℏ · {−,−}ω mod ℏ2 · OℏX .
(ii) A Frobenius-constant quantization on (X,ω) is a collection of data
OℏX = (OℏX , τ, s)(172)
consisting of a quantization (OℏX , τ) of (X,ω) (where we shall denote
by Zℏ the center of OℏX) and a morphism s : OX(1) → Zℏ (⊆ OℏX) of
sheaves of algebras whose composite with the morphism Zℏ → (OℏX ։
OℏX/ℏ · OℏX τ→) OX coincides with the morphism F ∗ : OX(1) →֒ OX .
See [6], the discussion at the end of § 1.2 or Theorem 1.23, for relationships
between restricted structures on (X,ω) and Frobenius-constant quantizations
on (X,ω).
Example 6.1.3.
Let S be a smooth Deligne-Mumford stack over K. One may construct, in a
natural manner, a restricted structure and a Frobenius-constant quantization
on the cotangent bundle T∨S equipped with the symplectic structure ω
can
S , as
follows.
(i) Let us define a map
(−)[p] : OT∨S → OT∨S(173)
of sheaves on T∨S as follows: a local function f on T
∨
S lifted from S is
sent to f [p] := f p. A fiber-wise linear function on T∨S is a vector field on
S; for such a local function ∂ ∈ TS/K , we define ∂[p] to be the p-th iterate
of ∂. Then, by the discussion in (ii) below and [6], the discussion at the
end of § 1.2, the map (−)[p] forms a restricted structure on (T∨S , ωcanS ).
(ii) Assume that S is affine. The sheaf of asymptotic differential operators
Dℏ(S) on S (cf. [5], Example 3.1) is the ℏ-completion of the K[ℏ]-
algebra generated by Γ(S,OS) and Γ(S, TS/K) subject to the following
relations:
• f1 ∗ f2 = f1 · f2;
• f1 ∗ ξ1 = f1 · ξ1;
• ξ1 ∗ ξ2 − ξ2 ∗ ξ2 = ℏ · [ξ1, ξ2];
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• ξ1 ∗ f1 − f1 ∗ ξ1 = ℏ · ξ1(f1),
for any f1, f2 ∈ Γ(S,OS) and ξ1, ξ2 ∈ Γ(S, TS/K), where ∗ denotes the
multiplication in Dℏ(S). We have a natural isomorphism
τ(S) : Dℏ(S)/ℏ ·Dℏ(S) ∼→ Γ(T∨S ,OT∨S ).(174)
Also, there exists (cf. [5], the proof of Proposition 3.5) a morphism
s(S) : Γ(T
∨(1)
S ,OT∨(1)S )→ Z
ℏ(S) (⊆ Dℏ(S))(175)
(where Zℏ(S) denotes the center of Dℏ(S)) determined by the following
condition. Let us identify Γ(T
∨(1)
S ,OT∨(1)S ) with Γ(T
∨
S ,OT∨S ) via idX ×
F absK : T
∨(1)
S → T∨S . Then, s(S)(f) = f p for each f ∈ Γ(S,OS) and
s(S)(∂) = ∂p−ℏp−1 ·∂[p] for each ∂ ∈ Γ(S, TS/K). By applying a natural
noncommutative localization procedure called Ore localization (cf. [15],
§ 9, p.143, Definition), we obtain, from the triple (Dℏ(S), τ(S), s(S)), a
Frobenius-constant quantization
(DℏS, τ, s)(176)
on (T∨S , ω
can
S ) (cf. [5], Proposition 3.5). For an arbitrary smooth Deligne-
Mumford stack S (i.e., without the affineness assumption), the triples
(176) for various affine open subschemes of S may be glued together to
a Frobenius-constant quantization on (T∨S , ω
can
S ).
6.2. By applying the discussion in Example 6.1.3 to the case S = ⊚M
Zzz...
g,K ,
we obtain a restricted structure as well as a Frobenius-constant quantization
on (⊚T∨
Zzz...
g,K , ω
can
⊚ ). Such additional structures may be evidently transported
into (⊚S
Zzz...
g,K , ω
PGL
⊚ ) via the isomorphism Ψg,K , that preserves the symplectic
structure (by Theorem 4.4.1). Thus, we have the following corollary.
Corollary 6.2.1.
There exist a canonical restricted structure and a Frobenius-constant quantiza-
tion on (⊚S
Zzz...
g,K , ω
PGL
⊚ ).
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